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ABSTRACT
We present global 3D MHD simulations of geometrically thin but unstratified
accretion disks in which a near Keplerian disk rotates between two bounding
regions with initial rotation profiles that are stable to the MRI. The inner region
models the boundary layer between the disk and an assumed more slowly rotating
central, non magnetic star. We investigate the dynamical evolution of this system
in response to initial vertical and toroidal fields imposed in a variety of domains
contained within the near Keplerian disk. Cases with both non zero and zero net
magnetic flux are considered and sustained dynamo activity found in runs for up
to fifty orbital periods at the outer boundary of the near Keplerian disk.
We find a progression of behavior regarding the turbulence resulting from
the MRI and the evolving structure of the disk and boundary layer according
to the initial field configuration. Simulations starting from fields with small
radial scale and with zero net flux lead to the lowest levels of turbulence and
smoothest variation of disk mean state variables. As found in local simulations,
the final outcome is shown to be independent of the form of the imposed field.
For our computational set up, average values of the Shakura & Sunyaev (1973)
α parameter in the Keplerian disk are typically 0.004 ± 0.002. Magnetic field
eventually always diffuses into the boundary layer resulting in the build up of
toroidal field, inward angular momentum transport and the accretion of disk
material. The mean radial velocity, while exhibiting large temporal fluctuations
is always subsonic.
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Simulations starting with net toroidal flux may yield an average α ∼ 0.04.
While being characterized by one order of magnitude larger average α, simula-
tions starting from vertical fields with large radial scale and net flux may lead
to the formation of persistent non-homogeneous, non-axisymmetric magnetically
dominated regions of very low density. In these gaps, angular momentum trans-
port occurs through magnetic torques acting between regions on either side of the
gap. Local turbulent transport occurs where the magnetic field is not dominant.
These simulations are indicative of the behavior of the disk when threaded by
magnetic flux originating from an external source. However, the influence of such
presumed sources in determining the boundary conditions that should be applied
to the disk remains to be investigated.
Subject headings: accretion, accretion disks — MHD, instabilities
1. Introduction
The study of the boundary layer, the region where the angular velocity of an accretion
disk drops to match the rotation velocity of the central object, is of great importance for
the understanding of accreting objects, since up to half of the total accretion energy can
be released there (Lynden-Bell & Pringle 1974) if the central object is a slow rotator. Up
to now detailed studies of this region (eg. Papaloizou & Stanley 1986, hereafter PS, Kley
1989, Popham & Narayan 1992) have been based on the Navier-Stokes equations with a
modified viscosity prescription involving an anomalous viscosity coefficient. This is presumed
to contain the effects of any turbulence present reducing the problem to one of laminar flow.
The decrease of angular velocity in the boundary layer is associated with an increase in the
thermal pressure, which replaces centrifugal support for the accreting matter. The large
pressure gradients in turn, may be associated with supersonic radial infall velocities in this
region, if a standard disk viscosity prescription is continued into the layer. However, it has
been argued that if such a supersonic flow occurred, the star would loose its causal connection
to the outer disk (Pringle 1977). In relation to this issue, several studies based on the Navier-
Stokes equations were performed but with a modified viscosity prescription in the boundary
layer corresponding to its much lower pressure scale height (PS, Popham & Narayan 1992).
This modification alone does not eliminate supersonic flows under all conditions (e.g. for large
values of α ≃ 1). Popham & Narayan (1992) suggested reducing the viscosity coefficient to
zero as the radial infall velocity approaches the sound speed. This causally limited viscosity
(Narayan 1992) always leads to subsonic infall. A different approach, appreciating the short
time required for matter to pass through the layer, allows the viscous stress components
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to relax towards their equilibrium values on a relaxation time scale (Kley & Papaloizou
1997) and so naturally incorporates causality. Studies of one-dimensional models led to the
conclusion that the boundary layer must be characterized not only by the value of α in
the outer disk, but also by the nature of the viscous relaxation process. Additional time
dependent studies demonstrated that for low α ≃ 0.01, the boundary layer adjusts to a
steady state, while for large α = 0.1, significant disturbances occurred in the boundary
layer and to the power output. Periodic oscillations were seen throughout the disk by PS,
whenever α was large (close to 1). For small α, the oscillations were localized near the
outer disk boundary. These oscillations are caused by the viscous overstability found by
Kato (1978) and Blumenthal et al. (1984) and it was suggested they may be important in
explaining the time-dependent behavior in accreting objects such as CVs and protostars.
All of the above models were based on an ad-hoc anomalous viscosity prescription and did not
consider further its origin. The discovery of the relevance of the magnetorotational instability
(MRI) (Balbus & Hawley 1991) has opened up a new era in accretion disk astrophysics. The
instability provides a robust and self-consistent mechanism for the production of turbulence
and angular momentum transport in these objects if they are adequately ionized, thereby
removing the need for ad-hoc prescriptions. The development of different numerical codes
has enabled a detailed investigation of the nonlinear phase of the instability. First numerical
studies were performed in a local shearing box approximation, (Hawley, Gammie & Balbus
1995, Brandenburg et al. 1995, Sano, Inutsuka & Miyama 1998, Fleming, Stone & Hawley
2000, Miller & Stone 2000). These studies show that the turbulent outcome of the MRI
depends on the initial field configuration applied to the disk. Thus, local simulations with
initial vertical fields with zero net flux field indicate an average α = 0.001 − 0.006, while
vertical fields with non zero net flux result in larger values of α up to 0.3. The turbulent
outcome of an initially unstable toroidal field can lead to intermediate values of α up to 0.04
depending on the net flux.
Relatively recently studies of instabilities in global disk models have begun (Armitage 1998).
Such studies are needed to see how an unstable disk modifies its underlying structure in
response to globally varying levels of turbulence and whether the longer time scale evolution
is in any way like that of standard ′α′ disk models. Recent studies have been made by Hawley
(2000), who concentrated on the evolution of thick tori, and Hawley & Krolik (2001). The
latter study focuses on the evolution of the inner region of a disk accreting onto a black hole
modeled with a pseudo-Newtonian potential.
In this paper we study the interaction of an accretion disk with a boundary layer region
located between it and the central star. This situation is the relevant one to consider for
non relativistic accretion onto a non magnetic central star. The inner boundary layer region
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together with an exterior stable region also provide convenient, relatively inert regions in
which to embed a near Keplerian disk with an unstable rotation profile. Instead of prescribing
the viscosity in an ad-hoc fashion, as in previous studies of the boundary layer, we self-
consistently incorporate the turbulence arising from the MRI as the source of viscosity and
diffusion of magnetic field.
We assume the disk to have a small ratio of scale height to radius ( H/R ≃ 0.1 ). The
gravity is assumed to be entirely due to the central object and for simplicity and in common
with other global disk studies we neglect vertical stratification by adopting a cylindrically
symmetric potential thus focusing the study on the radial structure of the disk. We study
the dynamical evolution of the disk over a time span of up to one thousand rotation periods
measured at the inner disk edge. We consider different initial magnetic field configurations
(poloidal and toroidal) imposed in the main body of the disk. Cases with both non zero and
zero net magnetic flux are considered.
Simulations starting with small scale initial fields with zero net flux exhibit the lowest
Shakura & Sunyaev (1973) parameter α with a mean value averaged over the Keplerian
domain of ≃ 0.005. In this case the simulations on average attain a final state character-
ized by the same mean α and magnetic energy independently of (within computationally
defined limits) the initial field strength. There may also be a tendency for the mean value
of α to increase with the extent of the vertical domain and the numerical resolution. This
is in agreement with results of shearing box simulations (Hawley, Gammie & Balbus 1996,
hereafter HGB96). On the other hand simulations with large net magnetic flux may evolve
turbulence with a larger mean value of α of ≃ 0.04, when the initial field is toroidal. Models
starting from initial vertical fields with large radial scale are such that α attains maximum
values > 1 in regions associated with prominent density depressions, while outside these
gaps, α reaches values similar to the zero net flux models (as low as 0.005). The volume
averaged α depends on the initial plasma beta in such cases.
We find that all simulations locally exhibit strong variations of the vertically and azimuthally
averaged values of α in time and with radius. All of the models display oscillations of the
vertically and azimuthally averaged radial Mach number. Even though the boundary layer
region is stable to the MRI, magnetic field always diffuses into it. This is the case even when
the initial field is non zero only well away from the layer. Toroidal field build up enables
mass to accrete through it onto the central star through the operation of magnetic torques.
The paper is organized as follows: in §2 we present the basic model and computational set
up. In §2.1 we describe the numerical procedure. In §3 we discuss azimuthal and vertical
averaging together with the global transport of angular momentum and energy dissipation in
the disk. §4 is devoted to the investigation of cases with initial fields with zero net magnetic
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flux. In §5 we present results when the initial magnetic field has net flux. Finally, we
summarize our results in §6 .
2. Initial model setup
The simulations are performed within the framework of ideal MHD. The governing equations
are:
∂ρ
∂t
+∇ · ρv = 0, (1)
ρ
(
∂v
∂t
+ v · ∇v
)
= −∇p− ρ∇Φ + 1
4π
(∇×B)×B, (2)
∂B
∂t
= ∇× (v×B). (3)
where all the quantities have their usual meanings. While in some of our exploratory sim-
ulations we adopted an adiabatic equation of state (with heating due to artificial viscosity
retained), the runs described in this paper are either based on using a locally isothermal
equation of state, i.e.
P (R) = ρ(R) · c(R)2, (4)
where c(R) denotes the sound speed in the disk specified as a fixed function of R, or after
using this initially, solving the energy equation assuming that heating due to artificial vis-
cosity is removed by an exactly compensating cooling. Either of those procedures gave very
similar results. We found them to lead to a more consistent procedure since the numerical
scheme currently applied with zero resistivity does not allow for magnetic energy dissipated
on the grid scale to be recovered as heat. Tests showed that when an adiabatic condition
was used, such that kinetic energy dissipated through an artificial viscosity was recovered
as heat, there was a noticeable change in the thermal energy content in the Keplerian disk
during the course of a simulation.
The computations are carried out in cylindrical coordinates (z, R, φ). We assume that the
gravitational potential is only dependent on the radial coordinate, Φ = −GM/R, where M
is the mass of the central object and G is the gravitational constant.
Our computational domain is divided into three distinct regions: 1) An extended active
Keplerian domain, ranging from a radius R1 to R2, in which the growth of the MRI leads
to turbulence (Region I); 2) An inner boundary layer ranging from R0, the lower radial
boundary of the computational domain, to R1 (Region II), and 3) an outer region ranging
from R2 to the outer radial boundary, which we have added to avoid numerical problems
with trying to apply a boundary condition directly at the outer edge of the active domain
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(Region III). The corresponding values of R1, R2 and R3 are specified in table 1. The initial
density and angular velocity profiles for these three regions are calculated consistently with
hydrostatic equilibrium in the radial direction. We present these solutions below.
Region I: R1 ≤ R < R2. In contrast to previously published cylindrical global accretion
disk simulations (Armitage 1998, Hawley 2000 and Hawley & Krolik 2001) where constant
density profiles were used, we adopt a density varying inversely with the radial distance
ρ(R) = ρ0 · R0/R, (5)
and a radial dependence of the sound speed given by
c(R) = c0
√
R0/R (6)
where ρ0 and c0 are the density and sound speed corresponding to the radial position R0.
With the pressure determined by a locally isothermal equation of state, we calculate the
rotation velocity
vφ(R) =
√
GM/R0 − 2c20 ·
√
R0/R. (7)
For a thin disk in which the sound speed at a given radius is much smaller than the rotation
velocity, this profile is nearly Keplerian.
Region II: R0 ≤ R ≤ R1. In this region we require the angular velocity Ω to drop from its
near-Keplerian value at R = R1 to a lower value Ω∗ which can be considered as matching
the angular velocity of a central stellar object. For the rotation velocity, setting i = 1, we
adopt
vφ(R) = vφi · (R/Ri)nb, (8)
and for the sound speed we take
c(R) = ci(Ri/R)
nc . (9)
These prescriptions lead to the following density profile:
ρ(R) = ρi · (R/Ri)2nc · exp
[
0.5δ − 1
nb + nc
· ((R/Ri)2(nb+nc) − 1)− δ · fi(R)
]
, (10)
where fi(R) = ln(R/Ri), if nc = 0.5, and fi(R) = [(R/Ri)
2nc−1 − 1] /(2nc − 1), otherwise,
and δ = GM/(R0c
2
0). Here ρi, ci and vφi are the density, sound speed, and rotation velocity,
at the radius Ri. These quantities are given by eq. (5), (6) and (7), respectively. We have
considered cases with nb = 1 (corresponding to uniform rotation), nb = 2 and nb = 3. When
nb = 2, we took nc = 0. When nb = 1, or nb = 3 we took nc = 0.625 in most of the cases.
Situations with nc = 0.5 have also been considered. We note that tests showed that when
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this region was initiated with a density profile not too far out of hydrostatic equilibrium, the
situation rapidly adjusted so that such an equilibrium was attained.
Region III: R2 < R ≤ R3. This region is added primarily for numerical stability. It
provides a high inertia which prevents the magnetic field from diffusing into the outer radial
boundary and producing a severe drop in the density and angular velocity of the boundary
zones during the course of the simulations. This would ultimately contaminate the global
energetics, leading to incorrect behavior of the magnetic energy and the α parameter. In this
region, the solutions presented above for region II continue to be valid, but with the index
i = 2. In practice we adopted uniform initial rotation profiles that are stable with respect
to the MRI (nb = 1) and nc = 0.5.
The assumption of a thin disk requires the sound speed to be smaller than the rotation veloc-
ity, which is equivalent to the pressure scale height H = c/Ω, the disk would have if stratified
vertically, being significantly less than the current radius. We chose c20 = 0.01GM/R0 for
most models but also ran two (b4,b5) with c20 = 0.04GM/R0 for comparison purposes.
We comment that due to the chosen radial dependence of the sound speed and rotational
velocity in region I, the scale height H is a linear function of R. In most cases we chose
the extent of the computational domain in z to be larger than one scale height at the outer
radial edge of the Keplerian domain. In few cases this was taken to be one half of the scale
height at the outer radial boundary of the Keplerian domain, thus allowing us to test the
effect of the extent of the z domain on the results.
For most calculations with zero net flux fields, the radial domain was chosen such that
R1 = 1.2, R2 = 3.7 and R3 = 4.5. The φ-domain extends from 0 to π/2 in most models.
Recent work by Hawley (2001) suggests that, with the same resolution, the extent of the φ
domain does not greatly affect the results. We have checked this by performing runs with
the φ domain extending to π, and π/3. The boundary conditions in z and φ are periodic. In
R we set the scalar quantities, magnetic field components and z- and φ-components of the
velocity to have zero gradient. The radial velocity components at the inner and outer radial
boundaries were set to zero. This ensures mass conservation in the computational domain.
We also note that the computational set up is such that the zero gradient condition on the
azimuthal velocity applied at the radial boundaries only affects values at ghost zones that
do not affect the flow elsewhere. Thus artificially imposed viscous boundary layer effects do
not occur in our calculations.
We have performed simulations with:
1. Initial vertical fields with and without net flux,
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2. Initial toroidal fields with and without net flux,
the magnetic field being initially defined in a restricted radial domain:
Bi = B0 sin
(
2nRπ
R −Rb
Rb1 − Rb
)
ei, (11)
whith nR = 0.5, 1.5 for net field runs, and nR = 3, 6, 9 for runs with zero net flux. The index
i indicates either the vertical or the toroidal field component with the corresponding unit
vector ei. For toroidal fields B0 is a constant while for vertical fields B0 ∝ 1/R, with Rb and
Rb1 being the boundaries of the region where the field was applied. These will be specified
for each run in turn.
An overview of the performed simulations is given in table 1, which shows the magnetic field
topology used, the mean plasma beta defined as the ratio of thermal to magnetic pressure
with each of these averaged over the Keplerian domain, the numbers of computational grid
points in each direction, the number of wavelengths of the mode of maximum growth for
the MRI contained in the z-domain (zu and zl being the upper and lower boundaries) at the
location of the innermost field maximum, the number of wavelengths in radial direction, nR,
specified in order to define the net and zero net flux fields, respectively, the location of the
boundaries to the three different regimes of the R-domain, R1, R2 and R3, the extent of the
domain in φ and z, and the duration of the run in units of the inverse Keplerian angular
frequency at the inner boundary located at R0 ≡ 1. Typically the runs last for about 20 orbits
measured at the outer radius of the active Keplerian region located at R ∼ 4, although we
performed one long run for a larger disk with R2/R0 = 7.2 for a time exceeding 50 orbits
at the outer boundary of the Keplerian domain in order to confirm the persistence of the
turbulence up to such times. For computational purposes, the unit of length is taken to be
the inner boundary radius, thus R0 = 1, the unit of mass is the central mass, and the unit of
time is the inverse Keplerian angular frequency at the inner boundary radius, or the period
there divided by 2π.
2.1. Numerical procedure
The numerical procedure follows the method of characteristics constrained transport MOCCT
as outlined in Hawley & Stone(1995) and implemented in the ZEUS code. Alfve`n wave char-
acteristics are used to integrate the induction equation and to evaluate the Lorentz force. The
evolution of the magnetic field, B, is constrained to enforce ∇ ·B = 0 to machine accuracy.
The code has been developed from a version of NIRVANA originally written by U. Ziegler
(see Ziegler & Ru¨diger 2000 and references therein), and has been previously used for 2D
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hydrodynamic simulations of viscous disks interacting with migrating Jovian mass planets.
The results have been validated by detailed comparison with other codes and independently
obtained results (Bryden et al. 1999, Nelson et al. 2000, Kley, Angelo & Henning 2001).
Shearing box MHD simulations have also been performed by Ziegler & Ru¨diger (2000).
The time step is limited by the Courant condition. In addition, we have implemented the
numerical technique used by Miller & Stone (2000) to prevent the time step becoming too
small by not allowing the Alfve`n speed to exceed a limiting value in regions of very low
density. Tests have shown that this makes no significant difference to the results obtained,
while circumventing the severe drop in the time step which would sometimes make practical
continuation of simulations impossible. We also set a global floor for the density. On
performing a series of exploratory runs with different values for the limiting speed and the
density floor, we found that simultaneous application of the two methods leads to the best
results in a most economical manner. However, as stated above, the results were unaffected
by reasonable changes to the floor or the limiting velocity. For the runs listed in table 1, the
density floor was ρfl = 10
−3ρ0 and the limiting velocity was vlim = 0.3.
In all cases, the instability was initiated by applying a sinusoidal perturbation in the radial
velocity with an amplitude of 0.01c0. The number of wavelengths in the vertical domain of
the most unstable MRI mode calculated for the initial field at the location of the innermost
field maximum varies between 1 and 6 as specified in column 5 of table 1. The wavelength
associated with the mode of maximum growth was calculated from
λmax =
√
16π
15
B√
ρΩ
. (12)
We note that due to the radial dependences of the density, angular velocity and magnetic
field, λmax is a function of radius. If λmax is smaller than the extent of the z domain, in the
case of vertical fields, regions of stability may alternate with unstable regions.
3. Angular momentum transport
In order to describe the behavior of the different models, it is helpful to use quantities that
are vertically and azimuthally averaged over the (φ, z) domain. These are defined with an
overbar such that for any quantity Q
Q(R, t) =
∫
ρQdzdφ∫
ρdzdφ
. (13)
Note that although the numerical simulations are done over a fraction of the full φ domain,
because of periodicity they can be stacked end to end so that without loss of generality we
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run B 〈β〉 Nz ×NR ×Nφ zu−zlλmax nR R1 R2 R3 φ z time
b1 0-net Bz 105 36× 334× 108 2 6 1.2 3.7 4.5 π/2 ±0.2 526
b2 — 316 36× 334× 108 4 — — — — — — 592
b3 — 1005 36× 334× 108 6 — — — — — — 697
b4 — 143 36× 167× 108 0.5 3 1.5 — — — — 710
b5 0-netBφ 32 36× 167× 108 0.3 — — — — — — 739
b6 0-net Bz 568 40× 370× 100 1 9 1.2 7.2 8.8 — — 6627
b7 — 563 60× 370× 100 2 — — — — π/3 ± 0.3 2818
b8 — 316 54× 334× 108 1 3 — 3.7 4.5 π/2 ±0.2 740
b9 0-netBφ 38 56× 334× 108 2 — — — — — — 741
b10 — 40 36× 334× 108 2 — — — — — — 750
b11 0-net Bz 80 34× 132× 34 3 — — 3 3.6 π/3 ±0.18 1193
b12 — 438 54× 132× 64 4 6 — — — — ±0.2 1381
n1 net Bz 120 44× 202× 54 3 0.5 — 4 4.8 — ± 0.2 1444
n2 — 360 34× 177× 72 — — — 3.7 4.5 — ± 0.18 942
n3 — 120 44× 202× 102 — — — 4 4.8 π ± 0.2 628
n4 net Bφ 7.6 34× 132× 34 1 — — — — π/3 — 1444
Table 1: Parameters associated with the simulations discussed in this paper. The first column
gives the simulation label, the second the nature of the initial field, the third the initial value
of 〈β〉 =
∫
Pdτ∫
B2/(8π)dτ
, with the integrals being taken over the Keplerian domain, the fourth
the computational grid and the fifth gives the number of wavelengths in the vertical domain
of the most unstable MRI mode calculated for the initial field using equation (12). The
sixth column gives the number of radial wavelengths in the initial field, and the remaining
columns give the boundaries and extents of the radial, azimuthal and vertical computational
domains as well as the run time. Models b1, b2, b3, b8, b9, and b10 were all run with
heating and cooling exactly in balance while the remainder had an isothermal equation of
state with sound speed a fixed function of radius.
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can assume they occupy the full 2π when performing azimuthal averages.
We also introduce the surface density
Σ =
1
2π
∫
ρdzdφ. (14)
Using the above quantities it is possible to describe the angular momentum transport in the
disk using functions dependent only on R. In this way a connection to classical viscous disk
′α′ theory can be made ( Balbus & Papaloizou 1999).
We monitor the vertically and azimuthally averaged Maxwell and Reynolds stresses, which
are respectively defined as follows:
TM(R, t) = 2πΣ
(
BR(z, R, φ, t)Bφ(z, R, φ, t)
4πρ
)
(15)
and
TRe(R, t) = 2πΣδvR(z, R, φ, t)δvφ(z, R, φ, t) (16)
The velocity fluctuations δvR and δvφ are defined through,
δvR(z, R, φ, t) = vR(z, R, φ, t)− vR(R, t), (17)
δvφ(z, R, φ, t) = vφ(z, R, φ, t)− vφ(R, t). (18)
With these definitions, the Shakura & Sunyaev (1973) α parameter for the total stress is
given by
α(R, t) =
TRe − TM
2πΣ(P/ρ)
, (19)
where the pressure average is taken at the actual time rather than at t = 0 as is sometimes
found in the literature. With the above definitions the vertically and azimuthally averaged
continuity equation (1) may be written
∂Σ
∂t
+
1
R
∂ (RΣvR)
∂R
= 0 (20)
and the vertically and azimuthally averaged azimuthal component of the equation of mo-
tion(2) can be written in the form
∂
(
Σj
)
∂t
+
1
R

∂
(
RΣvRj
)
∂R
+
∂
(
ΣR2αP/ρ
)
∂R

 = 0. (21)
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Here j = rvφ is the specific angular momentum. Equations (20) and (21) are identical to
what is obtained in viscous ′α′ disk theory (Balbus & Papaloizou 1999). However, as noted
by those authors significant differences may occur when the energy balance is considered.
From equations (1) and (2) we may derive the rate of energy dissipation, ǫν and doing PdV
work per unit volume as
∂(ρǫ)
∂t
+∇ · F = −P∇ · v − ǫν = −QT , (22)
where, the energy per unit mass and flux are respectively
ǫ = 1/2v2 + Φ +B2/(8πρ)
and
F = ρv
(
1/2v2 + Φ +
B2
4πρ
+
P
ρ
)
− (v ·B)B
4π
.
To reorganize the above into a form more related to ′α′ disk theory we define an energy
per unit mass ǫk(R) and specific angular momentum jk(R). These can be used to define an
angular velocity
Ωk =
dǫk(R)
dR
djk(R)
dR
,
and may be chosen to correspond to a free particle in circular Keplerian orbit. The latter
assumption is not necessary and any convenient values could be adopted in principle. Note
that in the general non Keplerian case Ωk 6= jk/R2 = vk/R. Performing an azimuthal and
vertical average on equation(22) and subtracting (21) after multiplying by Ωk, we may write
the energy balance in an alternative form
∂(ΣE¯)
∂t
+
1
R
∂(RF¯ )
∂R
+ Σ
(
v¯R(v¯φ − vk) + α(R)P/ρ
)
R
dΩk
dR
= − 1
2π
∫
QTdzdφ. (23)
Here
E = ǫ− ǫk − Ωk(j¯ − jk)
and
F = ΣvR
(
ǫ− ǫk − Ωk(j¯ − jk) + P
ρ
+
B2
8πρ
−RΩkφˆ · (v − v¯)
)
−Σ(v − RΩkφˆ) · BBR
4πρ
It can be argued (adopting Keplerian values for ǫk, jk) that in a thin disk that is in a time
average near steady state the term proportional to α on the left hand side of (23) is second
order in c/vφ, while the others are at least third order (Balbus & Papaloizou 1999). To do
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this one needs to extend the azimuthal and vertical average to incorporate an additional
time average which is to be carried out over a time long compared to the orbital period but
short compared to a supposed much longer evolutionary time scale. The relation of α to
energy dissipation that holds in standard ′α′ disk theory is then recovered in the thin disk
limit.
However, in some practical cases, including the calculations reported here, which have some-
what large values of c/vφ ∼ 0.1, important deviations may occur. For example the ratio of
the contribution of the pressure flux term v¯RP to the term ∝ α in (23) may be estimated as
v¯R/(αvφ). In our calculations, at any particular time, this can be of order unity indicating
that energy redistribution through pressure wave modes may be important and signaling
departures from standard viscous disk theory as far as the energetics is concerned. Thus
the adopted ′α′ parameterization may be useful only as far as angular momentum redistri-
bution is concerned. In this context in distinction to standard viscous disk theory, there is
no reason why α should be invariably positive. Positive definite dissipation may still occur
provided the F flux terms provide a source (see also Balbus & Papaloizou 1999). In general
the magnetic stresses always give a positive contribution to α. However, the contribution of
the Reynolds stress can be strongly variable in space, time and sign.
We monitor the average time dependent (radial) Mach number,
Ms(R, t) =
v¯R
c(R)
. (24)
In general v¯R exceeds the expected mean viscous inflow velocity
vν = αc
2/v¯φ (25)
appropriate to a Keplerian disk because there are fluctuations in the average radial velocity
with near zero mean (compared to their amplitude).
Following Hawley(2000) we use the vertically and azimuthally averaged stresses as a measure
of angular momentum transport through α(R, t) defined above. As indicated above one can
incorporate a time average with a view to indicating the behavior of a disk evolving on a
time scale long compared to the orbital period. The form of the averaged equations given
above is unchanged but the mean radial inflow velocity is significantly reduced, becoming
comparable to the viscous inflow speed given by equation (25).
In addition, we have considered mean values of α which are obtained from volume averaging
over the Keplerian domain. Thus we denote the volume averaged value of α, as a function
of t, through
– 14 –
〈α(t)〉 =
R2∫
R1
α(R, t)RdR
(1/2)(R22 − R21)
. (26)
In practice we find for runs with zero net flux which do not show extreme density contrasts
that radial averaging of the total stress over the Keplerian domain (I) gives a value with much
reduced temporal fluctuations compared to those occurring at a particular point once the
turbulence is established (e.g. the volume average is never negative). Most of the fluctuations
seen in our runs appear to be due to the Reynolds stress. Once a time average is performed
the contribution of the latter to the total stress is relatively small ∼ 1/3 in line with local
simulations (e.g. HGB96).
Power spectra of the vertically averaged magnetic field components are calculated as the
squared Fourier amplitude of an azimuthal mode m as a function of radius as follows
| ambi(R, t) |2=
∣∣∣∣∣∣
zu∫
zl
2π∫
0
Bi(z, R, φ, t)e
−imφdφdz
∣∣∣∣∣∣
2
, (27)
where i = z, R, φ.
4. Simulations with zero net flux fields
Provided there is zero field at the radial boundaries, in a global simulation of the type
considered here, both the total vertical and the total toroidal flux threading the system
are conserved. The latter is guaranteed by the periodic boundary conditions in the vertical
direction. As long as there is no flux entry through the radial boundaries simulations can
therefore be characterized by the amount of net flux they contain. In particular, if there are
no other conserved quantities that can distinguish different simulations, one might expect
that (allowing for numerical limitations) all simulations with zero initial net flux should
approach the same turbulent state. This has been found to be the case for shearing box
simulations (HGB96). However, the shearing box set up is special in that fully periodic
boundary conditions in shearing coordinates guarantee no flux entry into the system for
all time. In addition, one can search for a time averaged steady state over arbitrary time
intervals. The set up of the global simulations considered here only allows for testing that
simulations starting with zero net flux approach the same steady state in a more restricted
sense. Although we expect magnetic energy to grow through the action of instabilities only
in the Keplerian domain, we inevitably find diffusion of field into the inner boundary layer
region as well as the outer stable region. When there is significant shear in the boundary
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layer region, we find the field can grow through the winding up of the poloidal field to
produce a toroidal field with significant magnetic energy. However, this phenomenon may
be considerably delayed by starting a simulation with initial field set to be non zero only
at large distances from the boundary regions. In this respect we remark that toroidal fields
are preferred to vertical fields and the absence of shear in the inner layer delays the build
up of strong fields there. In any case there is no guarantee of conservation of magnetic flux
in the Keplerian domain once there has been significant field diffusion out of that region.
Accordingly, checking whether solutions approach the same turbulent state in the Keplerian
domain has been limited to the situation before such diffusion has occurred. If convergence
of the solutions occurs, then it should of course hold at a later stage when interaction with
the boundary regions occurs. In this context we have found that different prescriptions for
the inner boundary layer (i.e. nb = 1 or nb = 3) do not seem to affect the situation in
the Keplerian domain even though the behavior in the inner boundary layer region may be
significantly different. In this section we investigate the disk response to varying initial fields
with zero net flux in order to establish that when these are of small enough radial scale
and adequate amplitude essentially the same state results. Other effects such as those of
the numerical resolution, disk aspect ratio and size are also explored. We investigate both
initially prescribed vertical and toroidal magnetic fields. We find essentially the same final
state when the field has a small scale compared to the current radius and a local quasi-steady
turbulent state can be achieved on a time scale short compared to the global evolution time
of the entire disk. Initial large scale fields with significant magnetic energy may not lead
to the same state as small scale fields on a time scale short compared to the evolution time
scale of the disk or on one that can be reasonably followed here.
4.1. Disks with initially vertical fields
We first consider the three runs b1, b2, b3 that start from an initial vertical field defined
between Rb = 4/3 and Rb1 = 10/3. In all of these cases nb = 3 and nc = 0.625 in region
II. The runs differ only in the amplitude of the initial vertical field such that the initial 〈β〉
varies by an order of magnitude ranging between ∼ 100 and ∼ 1000 (see table 1). Many
features characteristic for simulations b1, b2, and b3 are also found in others described below.
The magnetic energy in the Keplerian domain expressed in units of the volume integrated
pressure (or 1/〈β〉) is plotted as a function of time for the three runs in figure 1.
As found with simulations performed in a shearing box (Hawley et al. 1995, Stone et al.
1996, Brandenburg et al. 1995, Ziegler & Ru¨diger 2000) and existing global simulations
(Hawley 2000, Krolik & Hawley 2000), the simulations with smaller initial 〈β〉 show the
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Fig. 1.— Magnetic energy (1/〈β〉) in the Keplerian domain expressed in units of the volume
integrated pressure as a function of time for the three runs b1, b2, b3 (upper panel). Run b1
corresponds to the solid curve and b3 to the dotted curve. In spite of very different initial
behavior for 0 < t < 200 among these cases they all approach a situation where in a time
average sense 1/〈β〉 ∼ 0.01. The value of α volume averaged over the Keplerian domain 〈α〉
is plotted in the lower panel as a function of time. These, as many other cases, eventually
attain 〈α〉 ∼ 0.005.
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development and growth of channel solutions. This is manifest in the early evolution of b1
through the strong peak in 1/〈β〉 that occurs at t ∼ 30. Streams of fluid at different vertical
levels, alternately moving in opposite radial directions, evolve and persist over a period of
several orbits at the corresponding radius. This phase is associated with large values of
α peaking at 0.3-0.6 at smaller radii, where the instability grows first due to the smaller
rotation period. This behavior is barely noticeable in run b3. We comment that there is
not yet a significant penetration of the magnetic field into the boundary regions during the
time interval shown. In spite of very different initial behavior for 0 < t < 200 among these
cases they all approach 1/〈β〉 ∼ 0.01 (in an average sense) as in many other cases we have
run (see below). After t ∼ 200, turbulence is established and maintained throughout the
disk. At this stage, it is found that α exhibits strong variations in time and with radial
distance, sometimes up to one order of magnitude. The value of α volume averaged over the
Keplerian domain 〈α〉 is plotted as a function of time in the lower panel of figure 1 for the
three runs. The volume averaged α shows strong fluctuations on all time scale, which are,
however, less than those found at any particular radius. Closer inspection reveals that most
of the fluctuation is due to the Reynolds stress which may contribute up to one half of the
total. The Maxwell stress is found to be always positive and to vary less strongly.
Simulations b1, b2, b3 attain time averaged values of 〈α〉 ∼ 0.005 as in many other cases
we have run (see below). This value is similar to what is seen in shearing box simulations
starting with weak zero net flux fields (Brandenburg et al. 1995, Hawley et al. 1995).
We also comment that we obtain a similar approximate correlation between (R, φ)-stress
and energy as found in the shearing box simulations of HGB96. This was verified in all
simulations with zero net flux and can be expressed, after averaging out short term variations,
as 〈α〉 ∼ 0.5/〈β〉.
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Fig. 2.— In this figure α(R, t) (solid curve) is plotted against dimensionless radius for run
b3 at time 643. The dashed curve gives the contribution of the Maxwell stress.
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Fig. 3.— Radial dependence of the vertically and azimuthally averaged density (given in
arbitrary units) for run b3 at time 643 (dashed line). The initial profile is given by the solid
line. Note that at the later time, the density depression apparent between R = 1.5 and
R = 2 together with the density increase at smaller radii is indicative of the mass accretion
process.
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Fig. 4.— Radial dependence of α(R, t) (solid curve) for run b1 at time 540. There is
significant field penetration into the boundary layer region as indicated by the negative
values there. The Maxwell stress (dashed curve) is also negative in that region.
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We plot α(R, t) against radius for run b3 at time 643 in figure 2. No significant field has yet
penetrated into the boundary layer region as can be seen by the small values there. Note
that at this time and for this simulation there is a strong peak at smaller radii. However,
such a peak may occur in the center of the Keplerian domain at other times and in other
simulations (see below). The vertically and azimuthally averaged density corresponding to
figure 2 is plotted in figure 3 together with the initial profile. Comparison between the two
curves shows evidence of accretion with material moving into the inner region from the outer
parts of the disk.
Although it can be delayed by starting with initial data that is non zero far away from
the inner boundary layer, the field inevitably diffuses into this region with the degree of
penetration increasing with time. This is the case even though the shear indicates stability
with respect to the MRI. The pattern of behavior is the same for all runs. For runs b1, b2
and b3, which have nb = 3, the strong shear causes the toroidal field to build up and the
value of α(R, t) to become negative corresponding to inward angular momentum transport.
As an illustrative example to indicate these points, we plot α(R, t) against radius for run
b1 at time 540 in figure 4. The largest magnitudes of α ∼ −0.05 occur in this region
which tends to expand outwards. Nonetheless, radial motions remain subsonic. Eventually
magnetic contact with the inner boundary zones occurs causing a violation of the conditions
required for conservation of flux in the computational domain. This effect may be delayed
by choosing a more extended inner boundary region.
4.2. Disks with initially toroidal fields and the effect of vertical resolution
We now describe models b8, b9 and b10. We set nb = 3, nc = 0.625 in region II and
defined the magnetic field between Rb = 7/3 and Rb1 = 10/3 for b8 and between Rb = 4/3
and Rb1 = 10/3 for b9 and b10. These runs were carried out to check that simulations
beginning with small scale zero net toroidal fields led to the same state as those starting
from vertical fields. For the purpose of comparing with a vertical field run, simulation b8
started with a poloidal field with the same initial magnetic energy as b2, but with higher
vertical resolution. Simulation b10 started with a toroidal field and had the same resolution
as b1, b2 and b3, while b9 had higher vertical resolution. Because of the very much weaker
instability apparent in the cases with an initial toroidal field, these could be started with
significantly larger magnetic energy. No early channel phase occurs. In fact in these cases
the magnetic energy decreases due to reconnection of oppositely directed field lines in the
initial phases of the MRI.
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Fig. 5.— Magnetic energy in the Keplerian domain expressed in units of the volume inte-
grated pressure, as a function of time for the three runs b8 (solid curve), b9 and b10 (dotted
curve) in the upper panel. The first of these starts with a vertical field while the other two,
differing in vertical resolution, start with a toroidal field with significantly larger energy.
All these cases eventually approach 1/〈β〉 ∼ 0.01. In the lower panel the value of α volume
averaged over the Keplerian domain 〈α〉 corresponding to these runs is plotted as a function
of time (b8, solid curve, b10, dotted curve).
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Fig. 6.— From the top panel down, vertically and azimuthally averaged density, azimuthal
velocity, specific angular momentum and radial Mach number near the end of simulation b8.
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The magnetic energy in the Keplerian domain (1/〈β〉) expressed in units of the volume
integrated pressure is plotted as a function of time for these three runs in the upper panel
of figure 5. There is no significant penetration of magnetic field into the boundary regions
at this stage. In spite of the different initial conditions and the initially weaker instability
in the models starting from a toroidal field, they all eventually attain 1/〈β〉 ∼ 0.01, as was
found for simulations b1, b2 and b3. The increased vertical resolution of simulations b8 and
b9 appears to have little influence on the results.
The value of α volume averaged over the Keplerian domain 〈α〉 is plotted as a function of
time for the simulations b8, b9 and b10 in the lower panel of figure 5. These values behave
similarly to those found for simulations b1,b2 and b3, and become indistinguishable at later
times, with the time averaged value of 〈α〉 = 0.004± 0.002.
For simulation b8 we present in figure 6 the vertically averaged density, azimuthal velocity
and radial Mach number profiles near the end of the run. These are similar to the initial
profiles.
In order to emphasize the similarity between simulations with initial vertical and toroidal
fields with zero net flux in figure 7 we plot the mid plane density contours for simulations b9
and b10 near the end of these runs. Dark regions correspond to low density. Stochastic spiral
patterns are visible. In addition, we present the azimuthal power spectra for the vertically
averaged magnetic field components calculated according to eq. (27) at R = 2 in figure 8. In
fact these are characteristic of the turbulent state and are very similar at all radii. There is
a flat spectrum for small azimuthal wavenumbers m < 10 and a sharp cut-off at m = 10−20
This behavior is in agreement with the results previously obtained by other authors (e.g.
Armitage 1998, Hawley et. al 1995).
4.3. Large disks and long runs
We also ran two simulations, b6, and b7, for which the disk was approximately twice as large
as in the previous cases. This has the consequence that the evolutionary time scale for the
whole disk is about three times longer. A larger disk enabled insertion of initial magnetic
field data further from the inner boundary region with Rb = 3.5 and Rb1 = 6.5. In both
these models nb = 3 and nc = 0.625 in region II. The resolution in simulation b6 was very
similar to the cases discussed above. However, the vertical domain extends over only one
half the disk semi thickness in the outer part of the Keplerian domain. In simulation b7, the
azimuthal domain was contracted to π/3 effectively increasing the azimuthal resolution by
fifty percent. In addition, the extent of the vertical domain was increased by fifty percent
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Fig. 7.— Density contours in the mid plane near the end of the runs b8 ( upper panel) and
b9 (lowe panel). Although these runs start from very different initial conditions, the plots
are similar.
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Fig. 8.— Azimuthal power spectra (as defined in the text) of the vertically integrated field
components Bφ (asterisks), BR (diamonds) and Bz (triangles) at R = 2 for b8 (upper plot)
and b9 near the end of their runs. Very similar spectra occur at all radii in the Keplerian
domain. Although these runs start from very different initial conditions, the plots are similar.
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with respect to b6, while maintaining the same resolution.
The magnetic energy in the Keplerian domain expressed in units of the volume integrated
pressure is plotted as a function of time for simulations b6 and b7 in the upper panel of figure
9. These both attain 1/(〈β〉) ∼ 0.01 but with some indication of b7 tending to produce larger
values than b6. A larger magnetic energy in the saturated turbulent state in b7 might be
expected from shearing box simulations ( HGB96). These have indicated a dependence on
numerical resolution (Brandenburg et al. 1996), as well as larger values for larger boxes.
The effect of increasing the size of the vertical domain in b7 is similar to increasing the size
of a shearing box. The value of α volume averaged over the Keplerian domain 〈α〉 is plotted
as a function of time for simulations b6 and b7 in the lower panel of figure 9. These attain
〈α〉 ∼ 0.004± 0.002 but with b7 tending to give somewhat larger values in the mean. These
results are also consistent with the expected correlation between (R, φ)-stress and magnetic
energy mentioned above in the form 〈α〉 ∼ 0.5/〈β〉. Simulation b6 indicates survival of
the saturated turbulent state for more than fifty orbital periods at the outer boundary of
the Keplerian domain. At the end of simulation b7, significant boundary layer penetration
occurred producing negative α there. The situation then was very similar to that illustrated
in figure 4 for a smaller disk model. Taken together, these simulations indicate some possible
dependence of α on numerical resolution and the extent of the vertical domain.
4.4. A thicker disk
Simulations b4 and b5 are characterized by larger semi thickness than the other runs, with
c20 = 0.04GM/R0, and a wider uniformly rotating inner boundary layer (nb = 1, nc = 0.625
in region II and R1 = 1.5). The initial fields were applied between Rb = 7/3, and Rb1 = 10/3.
These runs were initiated with a zero net poloidal field (b4) and a zero net toroidal field
(b5). The initial magnetic energy is about three times larger in b5. These runs have lower
absolute radial resolution than those discussed above but the same resolution per scale height.
Maintaining the extent of the vertical domain as in the previous runs b1, b2, b3 means that
in these two cases only one half of the scale height is contained within the z-domain at the
outer edge of the Keplerian domain.
The magnetic energy in the Keplerian domain, 1/(〈β〉), is plotted as a function of time in
the upper panel of figure 10. In spite of the very different initial conditions these simulations
both approach a state with 1/(〈β〉) on average somewhat less than 0.01. The value of α
volume averaged over the Keplerian domain 〈α〉 is plotted as a function of time in the lower
panel figure 10. Similar values to those obtained in the other simulations are found.
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We also plot α(R, t) as a function of R at time t = 590 for simulation b4 in figure 11. This
indicates a peak in the center of the Keplerian domain. Even though there is some diffusion
of magnetic energy into the boundary layer at about 25 percent of the that in the Keplerian
domain. There is little activity in the boundary layer region while there is no contact with
the inner boundary zones, because of the low shear. This has been found to be the case in
these and other simulations. For the types of computational set up used and the times we
have been able to run the simulations, we have found no evidence that the solution in the
Keplerian domain is significantly affected by the shear profile adopted in the inner boundary
layer. This is found to be the case (not illustrated here) even when runs are continued well
beyond the point where magnetic contact with the inner boundary zones occurs.
4.5. Simulations with initial fields with large radial scale of variation
We here describe simulation b11 which had an initial vertical field with zero net flux with
a larger scale of radial variation (see table 1) and nb = 2. The field was initially applied
between Rb = 1.32 and Rb1 = 2.76. This run was carried out with lower resolution than
the other simulations but in many ways led to similar results. The large scale motion
associated with the channel solutions is completed after t ∼ 240. After this time, as in other
simulations, turbulence is established and maintained throughout the disk. The largest
values of α(R, t) ∼ 0.03 are typically obtained close to the boundary layer and at the outer
edge of the Keplerian domain, while in the middle of the active domain, α(R, t) decreases to
a mean value of 0.002. The large values of α are connected with vertically and azimuthally
averaged density minima there, with a density contrast of up to one order of magnitude
with respect to the surroundings. With this type of model, unlike the previously described,
convergence of different solutions, if it should occur, is difficult to attain on a reasonable
time scale.
As in other simulations, when the magnetic field penetrates the boundary layer region pro-
ducing an interaction between the boundary layer and the inner regions of the Keplerian
disk, the boundary layer moves to a somewhat larger radius (from R = R1 = 1.2 initially
to R ∼ 1.36). The state reached after time 628 is therefore somewhat different from the
initial state, with surface density depressions near the boundary layer and the outer stable
region. This behavior is typical for initial perturbations with only one to a few wavelengths
in the vertical domain for the most unstable MRI mode and an initial field with one to three
maxima.
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4.6. Oscillations
The vertically and azimuthally averaged radial Mach number remains subsonic throughout
the simulations, with the typical radial velocity being ∼ 10 times larger than the viscous
inflow velocity given by equation (25). It displays oscillatory behavior close to the outer
stable boundary region. Such oscillations, which occur in all models, were indicated previ-
ously in laminar viscous disk modeling, away from the boundary layer, as a consequence of
the viscous overstability found by Kato (1978) (e.g. PS). Here they arise as residuals after
averaging turbulent fluctuations vertically and azimuthally and have no obvious connection
to the earlier theories because the simple modeling used there does not incorporate the com-
plication that the time and length scales of the oscillations and turbulence are not clearly
separable and so do not allow for a description using an anomalous viscosity coefficient.
Such a description would only be expected to apply to phenomena on a global length scale
averaged over a time scale long compared to that characteristic of the turbulent fluctuations.
In order to further illustrate these oscillations, in figure 12 we have represented the Mach
number as a function of time for simulation b12 which had nb = 2 and as in all previously
discussed simulations other than b11 was initiated with a small scale field. The superposed
curves apply to locations in radius from R = 2.04 to R = 3.04 in steps of 0.2. The period of
the oscillations can be estimated with some noise to be 3.5 expressed in units of the Keplerian
period at the inner edge of the computational domain. The Keplerian period corresponding
to this range of radii ranges from 2.9 to 5.3. The smaller spread seen in the oscillation periods
suggests that they are not entirely purely local epicyclic oscillations but that propagation
of information from one location to another occurs in the simulations. A time series of
the vertically and azimuthally averaged density as a function of radius performed between
two distinct times during the simulation and covering several hundred time units suggests
the presence of outward propagating disturbances produced by the interaction between the
boundary layer and the Keplerian disk. Some reflection from the boundary of region III may
also occur. The phase speed of the waves can be estimated to be a typical sound speed in
the Keplerian domain.
5. Simulations with initial vertical fields with net flux
The simulations described above were focussed on conditions starting from small scale fields
at small amplitude which lead to a well defined turbulent state in the mean that was,
within that framework, initial condition independent. Such a situation would apply to a non
magnetic star interacting with a disk threaded by no external flux. However, there may be
situations where the disk is threaded with a large scale vertical flux. In that case the disk
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is not isolated because conducting material external to the disk is implied as a source. The
source could be the material supplied at large distances to the disk itself. Concentration
of the flux towards the center of the disk may lead to a large scale poloidal field threading
the disk that could be a source of a global outflow as has been considered by many authors
(e.g. Blandford & Payne, 1982, Lubow, Papaloizou & Pringle, 1994, Shu et al. 1994, Spruit,
Stehle, & Papaloizou, 1995, Konigl & Wardle, 1996). Simulations of disks with net flux
may also be relevant to a situation in which the disk becomes dominated by an external
magnetic field arising from the central star. The latter point of view was adopted by Miller
& Stone (2000) who carried out simulations of a stratified disk in a shearing box. They
found magnetically dominated solutions. In their case, vertical gravity was included and
outflow boundary conditions were applied in the vertical direction, but Keplerian rotation
was enforced by the boundary conditions. In our model this is not the case but there is no
vertical stratification. However, the periodic boundary conditions in the vertical direction,
neither take into account any constraints arising from the external material in which field
lines might be embedded nor correctly match to an external vacuum field. We comment that
despite the difference in the models, the outcome is very similar: magnetically dominated
solutions.
We here describe simulation n1 with initial mean β = 120 (see table 1). The magnetic field
was applied between Rb = 1.32, Rb1 = 3.72 and nb = 2. During the channel phase, the global
magnetic energy increases by up to 2 orders of magnitude with respect to the initial value,
and drops to a mean value of about one order of magnitude lower than this maximum. This
model and other similar ones we ran are characterized by the tendency to produce regions
with pronounced density minima or gaps in which the vertically averaged density is smaller
by 1-2 orders of magnitude than the surroundings. Conditions in the gaps were strongly
variable, with inhomogeneous variations in z and φ of sometimes more than one order of
magnitude. This inhomogeneity is evident in figure 13 where we show polar contours of the
surface density (upper panel) along with a slice of the density in the R-z-plane (φ=0) at
time 1224. The gaps, one located next to the boundary layer, and a second near to the outer
stable region, are visible as lumpy structures in azimuth, and radially elongated low-density
filaments alternating with large density regions are visible in the R-z plane. This picture
remains qualitatively unchanged throughout the simulation (1444 time units).
The formation and survival of the gaps appears to be a characteristic of initial vertical fields
with large net flux, which in turn have strong initial channel solutions. After an associated
reconnection, a net vertical magnetic flux is trapped in low density regions with a radial
extent larger than one local scale height. A large scale vertical field persists in association
with the gaps. In the bottom panel of figure 13 we show the magnetic field vectors in the
R-z plane (φ = 0) at time 1224. Superimposed is a binary map of the critical wavelength
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λc (white represents stable regions). Note that the inner gap extends roughly from 1.2
to 2, while the outer gap is located from 3.2 to 4. When the critical wavelength exceeds
the disk height, the angular momentum transport from the faster to the slower rotating
regions is mediated by the torque exerted by the toroidal field that is built up from the
poloidal field. The toroidal field is wound up until torque balance occurs maintaining the
gap. This mechanism operates analagous to magnetospheric cavity formation (e.g. Ghosh
& Lamb 1978). In that case, a poloidal field is wound up between the disk and the central
star rotating at a different rate until a steady torque is transmitted between the two via
a force-free field. At the edges of the gap, the axisymmetric MRI can always operate, as
the condition for instability is fulfilled. Indeed, figure 13 shows that the field stretches out
radially across the gaps until it reconnects. Filaments or blobs of magnetic flux are expelled
from both sides of the gaps, and a concentration of vertical flux is left there. In this manner,
the large-scale field is maintained in the gap by the MRI.
We find large values of α correlated with the low density within the gaps. The upper panel
of figure 14 shows the radial dependence of α at time 1143, while the lower panel represents
the time evolution of the volume averaged α. α periodically becomes larger than unity in the
regions corresponding to the gaps. In some models, values of α as large as 3 can be attained
(this finding being in agreement with Hawley (2001)). The Maxwell stress dominates over
the Reynolds stress there, while outside the gaps, the Reynolds stress becomes important.
Outside the gaps, α may decrease to a mean of 0.005, similar to the zero net field models.
When gaps are formed next to the boundary layer, the large-scale poloidal magnetic field
trapped in that region contributes to link the boundary layer to the outer disk. A periodic
broadening and narrowing of the boundary layer becomes evident in this case. We attribute
this oscillation to the interaction between the disk and the boundary layer via the field
connecting these regions. A time sequence of azimuthally and vertically averaged density
profiles (represented in figure 15) shows that waves, most likely excited by this oscillation of
the boundary layer propagate through the high density region exterior to the gap.
We performed a number of simulations with varying resolution (e.g. run n2) and computa-
tional domain (e.g. n3). All these runs show the formation of at least one prominent gap
(located next to the boundary layer) and the presence of one or two smaller gaps which
have the tendency to deepen with time and sometimes merge. Their position may vary
slightly with resolution and extent of the radial or azimuthal domain. These findings are in
agreement with Hawley (2001).
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5.1. A simulation with a toroidal field with net flux
Simulation n4 was performed with an initial toroidal field with net flux and with one max-
imum in R. The magnetic field was applied between Rb = 1.32 and Rb1 = 2.76 and nb = 2.
As in the cases with zero net flux, the instability is weak when compared to models with an
initial vertical field. The magnetic energy first shows growth after time 125.6 peaking after
289 then having grown by a factor of two. A quasi-steady turbulent state was reached after
about 377 time units, with the global magnetic energy being 0.8 of the initial value at the
end of the simulation (time=1444). The radial variations of the vertically and azimuthally
averaged stress parameter α are relatively small, not exceeding a factor of 3. The lower panel
of figure 16 shows the time variation of α at R=2, and indicates a mean value of 0.04. In
the upper panel, we represent the radial dependence of α close to the end of the simulation
(t=1388). The magnetic stress is always dominant, and the Reynolds stress can sometimes
become negative as previously discussed and the boundary layer moves slightly inwards in
the course of the simulation.
6. Discussion
In this paper we have studied the time dependent evolution of a near Keplerian accretion
disk which rotates between two bounding regions with initial rotation profiles that are stable
to the MRI. The inner region models the boundary layer between the disk and a central star.
Because we self-consistently incorporate MRI-induced turbulence as the source of viscosity,
the necessity of an ad-hoc viscosity prescription of the type used in earlier studies is removed.
For this first study we assumed the disk to be unstratified with aspect ratio H/R ≃ 0.1−0.2
by adopting a cylindrically symmetric potential assumed to be exclusively generated by
the central object. For most of the cases considered, the dynamical evolution of the disk
following from the imposition of different magnetic field configurations was followed over a
time span between one hundred and two hundred rotation periods at the inner edge of the
computational domain. However, simulations of radially more extended disks were followed
up to one thousand orbital periods at the inner edge of the computational domain. For
initial conditions both toroidal and poloidal magnetic fields with zero as well as net flux
were applied in varying domains contained within the near Keplerian disk.
Simulations starting from toroidal and poloidal fields with zero net flux and a small scale of
radial variation evolved to a state characterized by a smooth angular velocity and density
profile similar to the initial one. This was independent of the type, and within numerically
determined limits, the amplitude of the initial field. This result also holds in shearing
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box simulations (HGB96). But one must bear in mind that in numerical computations,
the range of initial plasma betas to which one has reasonable access is restricted by the
resolution. Typical values of 〈α〉 representing a volume average over the Keplerian domain
are 0.004±0.002. Moreover, runs with a radially extended disk showed that the saturated
turbulent state is maintained over more than fifty orbital periods at the outer boundary of
the Keplerian domain.
While the shearing box approach guarantees flux conservation for all time in a Keplerian
domain, in global simulations this is not necessarily the case. This is because in large scale
simulations the inevitable diffusion of the magnetic field out of the Keplerian domain and
into the boundary domains can lead to the violation of flux conservation in the Keplerian
domain. This happens even though the boundary domains are stable to the MRI. However,
we found that different prescriptions of the inner boundary layer region do not affect the
final state in the Keplerian domain even though the behavior of the boundary layer itself
may vary significantly. Once significant field has leaked into the boundary layer, toroidal
field is built up due to the shear and causes α to attain negative values corresponding to
inward angular momentum transport and mass accretion. In such cases, the boundary layer
expands outwards but radial motions remain subsonic.
We also find a similar approximate correlation between the Keplerian domain volume av-
eraged (Rφ)-component of the stress and magnetic energy as found in local simulations:
For simulations with zero net flux we find, after averaging out short term variations, 〈α〉 ∼
0.5/〈β〉.
Models with an initial vertical field with zero-net flux and large scale of radial variation
exhibit local minima in the density associated with maxima of the angular velocity. These
density pockets can reach a contrast of one order of magnitude with respect to the surround-
ings. The turbulent state can nonetheless be characterized by an average α similar to the
cases with small scale of radial variation. It may require a very long time scale for such
states to relax to those found in the initially small scale field cases.
All models display large variations of α in time and radius including oscillations on a rota-
tional time scale. Variations of one order of magnitude are typical.
Models staring with fields that have non zero net flux lead to a higher level of turbulence.
Thus, model n4 that started with a toroidal field attains an average alpha of 0.04. Those
starting with vertical fields with net flux such as n1 may display several gaps in density,
with the radially innermost gap typically located next to the boundary layer. The density
contrast in the most prominent gaps can reach up to 2 orders of magnitude (in an azimuthal
and vertical average) with respect to their surroundings. In the gap-regions, α alternates
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between values < 1 and > 1, sometimes exceeding 3 and dropping to an average of 0.005
(comparable with the zero net flux simulations) in non gap regions. Values of α exceeding
1 indicate angular momentum transport by magnetic torques originating from fields that
connect across the gap region.
Recognizing that there are issues to be resolved regarding the correct boundary conditions
required to represent the effects of external conducting material, these solutions might be rel-
evant when the disk becomes dominated by an external magnetic field. Such magnetic fields
may affect a variety of processes that take place in accretion disks, from dust coagulation to
the interaction of planets with the disks in which they have been formed.
Clearly there is much room for future improvements and developments. Convergence needs
to be checked at much higher resolution than currently attainable. Studies of more extended
inner MRI-stable boundary layers should be carried out, and vertical stratification should
be included. In this connection the simple periodic boundary conditions used in the vertical
direction leave the vertical flux relatively unconstrained and unconnected to any conductors
external to the disk. Proper matching of boundary conditions to external fields is also an
issue that may affect the behavior of the low density gap regions studied here and a subject
for future study.
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Fig. 9.— Magnetic energy in the Keplerian domain (in units of the volume integrated
pressure) plotted as a function of time (upper panel) for the large disk runs b6 (solid curve)
and b7. In the lower panel we represented 〈α〉 as a function of time for these runs.
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Fig. 10.— Magnetic energy in the Keplerian domain expressed in units of the volume inte-
grated pressure as a function of time (upper panel) for the thick disk runs b4 (solid curve)
and b5. The corresponding value of α volume averaged over the Keplerian domain 〈α〉 as a
function of time is represented in the lower panel.
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Fig. 11.— Radial dependence of α(R, t) (solid curve) for run b4 at time 590. The dashed
curve gives the contribution of the Maxwell stress.
Fig. 12.— Time evolution of the azimuthally and vertically averaged Mach number at
different radii, from R=2.04 to 3.04 in steps of 0.2 for run b12.
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Fig. 13.— Polar contours of the surface density (upper panel) along with the density in
the R-z-plane at φ = 0 and time 1224 for model n1. The bottom panel shows the poloidal
magnetic field vectors with the superimposed binary map of the critical wavelength of the
MRI. White regions correspond to λc exceeding the disk height.
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Fig. 14.— Radial dependence of α for time 1143 (upper panel) and time evolution of the
volume averaged α (lower panel) for run n1. The dotted curve represents the magnetic stress
contribution and the dashed curve the Reynolds stress contribution.
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ρ
Fig. 15.— Time sequence of the averaged density for model n1 between time 565 and 609.
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Fig. 16.— Radial dependence of α for t=1388 (upper panel) and time evolution of the
volume averaged α (lower panel) for run n4. The dotted curve represents the magnetic
stress contribution and the dashed curve the Reynolds stress contribution.
